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We give a rigorous argument that long–range repulsion stabilizes quantum systems; ground states
of such quantum systems exist even when the ground state energy is precisely at the ionization
threshold. For atomic systems at the critical nuclear charge, our bounds show that the ground state
falls off like exp(−c
√
|x|) for large |x|. This is much slower than what the WKB method predicts
for bound states with energies strictly below the ionization threshold. For helium type systems
at critical nuclear charge, we show that our upper bounds are sharp. This rigorously confirms
predictions by quantum chemists.
Except for the famous Wigner-von Neumann
potentials1, bound states of quantum systems are
usually found below the energies of scattering states.
The bound state energies and the scattering energies
are separated by the ionization threshold. Above this
threshold, the particles cease to be bound and move
to infinity. Below the threshold, the binding energy,
the difference between the ionization threshold and
the energy of the bound state, is positive and regular
perturbation theory predicts that bound states are stable
under small perturbations of the parameters describing
the quantum system. That is, the energies might move a
bit under small perturbations, but they do not suddenly
disappear.
Imagine a parameter of the quantum system being
tuned such that the energy of a bound state, e.g., the
ground state energy, approaches the ionization thresh-
old. At this critical value, the perturbation theory in the
parameter breaks down and it is unclear what happens
exactly at this binding–unbinding transition: Does the
bound state disappear, i.e., the quantum system spreads
out more and more and dissolves or does the bound state
still exist at the critical parameter and then suddenly
disappear.
This is the question we address here. We consider
Schrödinger operators in atomic units of the form
H = − 1
2m
∆− Vλ(x) + U(x) (1)
where − 12m∆ is the kinetic energy, U a non-zero repul-
sive part of the potential and −Vλ an attractive part of
the potential depending on a parameter λ. This operator
describes one-particle models, however with slight mod-
ifications it can also describe interacting many-particle
systems. The well-known WKB asymptotic, see also the
work of Agmon2, shows that the eigenfunction corre-
sponding to a discrete eigenvalue E = E(λ) of the op-








where ∆E is the binding energy. This does not provide
any useful information at critical coupling when ∆E = 0.
Therefore, a new approach is needed.
Our method presented here can be viewed as a higher
order correction to the WKB method. It shows that the







for some explicit constant c > 0 when the long–range
repulsion is of Coulomb type. It easily generalizes to
other types of long–range repulsion, see Theorem 1 be-
low. The underlying intuition is that if the binding en-
ergy approaches zero, the bound state can only disappear










Figure 1: Tunneling problem for the ground state at zero
energy with sketched ground state.
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If this tunneling probability is zero, the ground state
cannot disappear, hence the quantum system stays
bound at the critical coupling. This is predicted by nu-
merical calculations3–6. Our approach makes this intu-
ition precise, including upper bounds on the asymptotic
behavior of the corresponding eigenfunctions at the ion-
ization threshold. Moreover, we prove a strong depen-
dence on the dimension in a one particle model: A repul-
sive part is only needed in dimensions d ≤ 4, with d = 4
being critical, while a repulsive part is not needed in di-
mensions d ≥ 5. This considerable generalizes previous
results in three dimensions7.
While we explain the main ideas in the one-particle
model, a variety of physical systems can be handled. Par-
ticularly important are N electron atoms with a nucleus
of charge Z. For atomic systems, due to a classical result
by Zhislin8, ground states exist once N < Z + 1. For
N > 2Z + 1, no such states exist9. Hence, for fixed N
there is a critical charge Zc such that for Z > Zc bound
states exist and for charges Z < Zc the quantum system
has no bound state. Note that Zc does not have to be a
whole number.
For helium-like systems, a variational calculation of
Bethe10 shows that Zc < 1. Numerically, it is known
11
that Zc ∼ 0.91. The existence and absence of the eigen-
state for the simplest nontrivial example of helium-like
system when Z = Zc, was studied extensively by T. and
M. Hoffmann-Ostenhof and Simon12. They derived the
existence of an eigenstate at a critical coupling Zc for a
singlet state12. Furthermore13, the triplet state case does
not have a bound state at all and in this case, the critical
coupling Zc = 1.
For general atoms, the existence of a ground state at
critical coupling was studied in the Born-Oppenheimer
approximation14 and without it under the condition7
Zc ∈ (N − 2, N − 1). All these results establish the exis-
tence of an eigenstate, but the derived decay bounds are
far from what is physically expected15.
Our approach relies mostly on energy estimates
which, when combined with a geometrically inspired16
lower bounds for the multiparticle potentials of atomic
systems, are also applicable to many-particle systems.
One-particle model We explain our method using a
one-particle model. Consider an eigenstate ψ of the
Hamiltonian H from (1) associated with the eigenvalue
E, i.e.
Hψ = Eψ .
For a suitable increasing function F , which diverges at
infinity, we show that eFψ is bounded in L2-norm. This
implies, that ψ must asymptotically behave like e−F , at
least in L2 sense.





If χR is a function localizing smoothly in the region {|x| ≥
R}, i.e., 0 ≤ χR ≤ 1 and χR(x) = 0 for |x| ≤ R while
χR(x) = 1 for |x| ≥ 2R, then using a variant19 of the









F )|2ψ〉 = E‖χRe
F
ψ‖2 .
The majority of terms in |∇(χReF )|2 are compactly sup-
ported. Denoting these terms by G (the good part) and
the remainder terms by B (the bad part), we obtain
〈
χRe
Fψ, (H − E −B)χReFψ
〉
≤ ‖Gψ‖2 ≤ K
where K is a finite constant. The last step is to show
that H − E − B is positive. Here the repulsive part of
the potential in H is important since in the critical case
E → Σ. We summarize the conclusion of this procedure
in the following theorem.
Note that the existence of the ground state is a neces-
sary assumption. However, using Tightness23, the exis-
tence of an eigenstate for the critical case can be shown24.
Theorem 1. Each normalized eigenfunction ψ corre-








for any function F that satisfies for all |x| ≥ R > 0
|∇F |2
2m
< Σ− E + U .
For the subcritical case, i.e., E < Σ, our result coin-
cides with the result of Agmon2 because
|∇F |2
2m
= Σ− E − ǫ < Σ− E + U
for F (x) =
√
2m(Σ− E − ǫ)|x|. However, in contrast to
the usual WKB asymptotic our bound provides detailed
information on how well the quantum system is local-
ized at the critical coupling. Note that the logarithmic
expression in the exponent corresponds to a polynomial
correction of the asymptotic behavior. We note that the
result in the theorem does not provide pointwise bounds
for the function ψ. Nonetheless, it is possible to obtain
pointwise information about ψ under the additional as-
sumption that ψ is positive and continuous. This is done
by using Harnack inequality25. Recall that for a large
class of Hamiltonians the ground state is always posi-
tive. The continuity follows from the fact that ψ is in
the domain of a differential operator.
As an illustrative example, consider the operator de-
scribing a quantum particle in a potential well with a
long range Coulomb repulsion term present outside the
well


















Figure 2: Plot of normalized ground states for the




















Figure 3: Scaled plot of normalized ground states for the
Hamiltonian (2) with varying parameter λ for x ∈ [0, 1600].
The convergence of the ground states for λ ց λcr is visible.
Note that in this choice of scale the parabolic curves
correspond to the ground state decays asymptotically as
exp(−c|x|), as is predicted by the WKB method, when the
parameter λ > λcr. For λ = λcr the nearly straight line
indicates that the ground state decays like exp(−κ
√
|x|).
Here we chose m = 12 for convenience. It can be easily
shown that there exists a critical value λcr s.t. for λ >
λcr, the HamiltonianHλ has bound states and for λ < λcr
there are none. Furthermore, for this system we have
Σ = 0 and λcr ≈ 0.634366. A plot of the ground state of
Hλ for a range of parameters λ is given in Figure 2.
Using our theorem, we obtain for large |x| and ǫ < 1















In the subcritical case, the first part of the exponent cor-
responds to exponential fall-off and the second one is the
polynomial correction since arcsinh[y] = ln(y+
√
y2 + 1).
As λ ց λcr, the ground state energy E(λ) approaches 0









can be obtained using a Comparison Lemma26. Explicit
calculations show that the eigenfunction has asymptotic









which is in perfect agreement with our result.
Our second example illustrates how the existence/non-
existence of ground states at critical couplings depends
on the dimension27. For this we need the notion of a
nonnegative operator, i.e., H ≥ 0, if 〈ψ,Hψ〉 ≥ 0 for all
functions ψ in the domain of H . Equivalently, the spec-
trum of H , the set of allowed energies of the quantum
system, is a subset of [0 ,∞). In addition, we say a po-
tential V is critical, if H = −∆+ V (x) ≥ 0 but, for any
nonnegative function W which is not identically zero, the
perturbed operator H −W has a negative bound state.
In the following, let H = −∆+ V (x) be nonnegative.
Theorem 2 (Non-existence of ground states at the ion-
ization threshold). H does not have a ground state with
energy 0 if for some R0 > 0 and all |x| ≥ R0 one has







Theorem 3 (Existence of ground states at the ionization
threshold). H has a ground state with energy 0 if V is a
critical potential and, for some R0 > 0 and all |x| ≥ R0,
one has






for ǫ > 0.
Note that d(4−d)4 is positive if d ≤ 3, zero if d = 4,
and negative if d ≥ 5. Hence, in dimensions d = 2, 3, 4
the potential V has to have a positive tail to support
a ground state at the ionization threshold, whereas in
dimensions d ≥ 5 it can be negative.
To illustrate this, let V be a simple potential well, i.e.,
V (x) := −1{|x|≤R} =
{
−1 , |x| ≤ R
0 , |x| > R
and consider the perturbed Hamiltonian Hλ =
−∆ + λV (x). It is well-known that Hλ always has
a bound state below the ionization threshold in di-
mension d = 1, 228. Whereas in dimensions d ≥ 3 the
coupling λ has to be big enough in order to have a
ground state below zero28. If λ decreases from large
values, there will be a critical value λc for which the
ground state energy is zero. The question then is
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whether the ground state survives or disappears at λc.
Our theorems above show that this depends crucially
on the dimension. If d ≥ 5 the ground state survives,
whereas in dimensions d < 5 it disappears.
























where y corresponds to the position of the nucleus and xj
are the positions of electrons. We are using atomic units,
i.e., ~ = 1, 4πǫ0 = 1,me = 1, and e = 1. For convenience,
we restrict to Born-Oppenheimer approximation29, i.e.,





















However, our results also hold for the operator without





Z . In the first part, we saw that
the asymptotic behavior in the critical case is controlled
by the repulsive part of the potential. For atoms
there are effectively two regions with different behavior.
Helium For N = 2, we introduce for 12 ≤ α ≤ 1 and δ > 0
the region
Aδ,α = {(x1, x2) ∈ R6 : |x|0 ≥ δ|x|α∞}
where |x|∞ := max{|x1|, |x2|} is the distance between
the nucleus and the further away electron and |x|0 :=
min{|x1|, |x2|} is the distance of the closer electron to
the nucleus. We note that for the special case α = 1
we require δ < 1. Roughly speaking, in the region Aδ,α
we do not see the effective long range repulsion in |x|∞
and outside of the region Aδ,α we see only effective long
range repulsion in |x|∞. This corresponds to the intuitive
explanation that the electron closer to the nucleus shields
it from the second electron. Inside and outside of the
region we get the following lower bound for the potential
from Eq. (3) with N = 2:























Using these estimates we can bound the action of the op-
erator (3) on a function ψAδ,α supported inside Aδ,α and
a function ψAc
δ,α
supported outside Aδ,α. More precisely,
inside the region Aδ,α we can bound the kinetic energy
of the electrons by zero and obtain a lower bound that
depends only on Z and |x|∞. Outside of Aδ,α we have
to deal with a potentially singular term since |x|0 is no
longer bounded away from zero. However, we can bound
this term with help of the corresponding kinetic energy
term from below by E
(1)
Z . Plugging these estimates into





is positive provided that the function F is chosen cor-
rectly in the two regions. In particular, we can prove
for constants 1 > ǫ0 >
1
2 > ǫ∞ > 0 and K0,K∞ > 0
the following asymptotic behavior of an eigenstate at the
threshold:




































It is important to note that the constant
√
8(U − 1)
holds only for 12 < α < 1. In the critical case α = 1,
the constant becomes
√
8 U1+δ − 8 which forces δ to be
sufficiently small, namely, δ < U − 1. Moreover, the sec-




U − 1− Lδ2
)
,
where L > 0. The main ingredients in the proof are again
an application of IMS localization formula and a clever
choice of cutoff functions to separate the coordinate space
into manageable regions24.
The lower bound for the Helium atom can be con-
structed in the same way as for one-particle model using
Comparison Lemma. Unfortunately, we are only able
to construct worse bounds compared to the one-particle
case. In particular, we construct two lower bounds.
The first one provides an exponential lower bound ev-
erywhere. The second one yields a subexponential lower
bound outside of the regions Aδ,α and |x| > R > 0.
The main difficulty in the construction of subsolutions
for the operator (3) are singularities of the function
1
|x1−x2| . These can be remedied by a polynomial cor-
rection term30 at the cost of a faster exponential fall-off
constant. For a positive ground state function of the op-






ψ and suitable con-
stants n,R,N,C > 0, we obtain for every (x1, x2) ∈ R6
that satisfies |x|∞ > R













(τ + n)n , τ ≤ n
(t(τ) + n)n , n < τ < 3n
(3n)n , 3n ≤ τ
for suitably chosen function t(τ). However, the issue with
the singularities is only present within the region Aδ,α.
Therefore, we can derive a much better lower bound out-
side of that region.
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Theorem 5. For every x ∈ Acδ,α s.t. |x|∞ > R the


































, 1 < s < 2
0 , 2 ≤ s .
Thus, inside of the region, in which intuitively one elec-
tron shields the nucleus from the other one, we obtain
comparable lower and upper bounds. We note that for
α ∈ (1/2, 1) we have c1 =
√
8(U − 1).
General atom The procedure and the result for the up-
per bound can be generalized for an arbitrary atom with
N electrons. The main idea, i.e., construct two regions
and estimate the action of the operator within, remains
the same since there are still two regions with different
asymptotic behavior. In the first one, all electrons are far
away from the nucleus and the wavefunction falls off like
an exponential function. In the second region, at least
N − K electrons remain relatively close to the nucleus
while the other K electrons can move far away. In this
case, the K outmost electrons are still bound but the
wavefunction asymptotically behaves subexponentially.
The physical mechanism for this confinement is not the
attraction to the nucleus, which gets shielded by the inner
electrons anyway, but the remaining long-range repulsion
which acts as an effective barrier that prevents the sys-
tem to break up. Hence, at least a stretched exponential
fall-off persists.
Let ENZ be the ground state energy of an N -electron
atom of nuclear charge Z. Unlike the 2 electron Helium
type system, it can now happen that more than one elec-
tron can be removed without energy cost: we assume the











Thus the binding energy of K electrons to the nucleus




(K +1)-th electron is positive. Under the condition N −
2 < Zc < N−1 it was proved that a ground state exists7.
While this seems to be a reasonable assumption15,31, it
is not rigorously known. We considerably strengthen the
previously known results7,14 by establishing much better
bounds on the fall-off of the ground state eigenfunction
at critical charge.
For simplicity, we consider only the case where each
electron can uniquely be identified by its distance to the
nucleus, i.e.
|x|1 < |x|2 < . . . < |x|N , ∀x ∈ R3N
where |x|k : R3N → R+0 gives the k-th smallest value out
of the distances |xj | of the electrons. This is not a real
restriction. It is equivalent to omitting a set of measure 0
which can be treated rigorously32. Due to this simplifica-
tion we can introduce unique coordinates x̃j such that for
each fixed point x ∈ R3N we have |x̃j | = |x|j . One can
now easily write the regions and estimates needed for our
method. A detailed exposition of the derivation is given
in the supplementary material. The final estimate which
is needed in the proof of the claim can be summarized as
A> := {x ∈ R3N : |x|N−K > δ|x|N−K+1} :









A< := {x ∈ R3N : |x|N−K < δ|x|N−K+1} :


























Note that UM describes the interaction between a nucleus
and “inner” M electrons including interactions between
them. The expressions are in spirit the same as in the
case of Helium. In particular, for a function ψ> sup-
ported within the region A>, the action of the operator




the second region A< we obtain a positive lower bound
for the action that depends on the distance of the outer
coordinates to the nucleus. To summarize:
Theorem 6. There exists a small enough δ̃ > 0 and
suitable constants Cj ,Kj ∈ R+ such that a ground state
ψ of H
(N)





















The proof32 again reveals a distinct relation between
the repulsive part of the potential and the asymptotic
behavior of the eigenfunction similar to the one-particle
model and also the two-particle (Helium) case.
In summary, we have shown, that existence and
fall-off behavior of eigenfunctions at the critical cou-
pling, for the class of operators (1), depend on the
6
asymptotic behavior of the potential. This was conjec-
tured by quantum chemists.33 We also provided explicit,
dimension-dependent conditions for the potential under
which a zero-energy ground states does, or does not,
exist.
We demonstrated how to apply our method to atomic
systems under the additional assumption that N −K >
Zc, where Zc is the critical charge of the nucleus, N is
the total number of electrons, and K is the number of
electrons leaving the atom as Z decreases below Zc. It
does not require any symmetry restriction on the quan-
tum particles. This means that our result is valid for
any statistics imposed on the electrons in atoms. In a
real physical system, electrons are fermions, which means
that the ground state for more than 2 electrons can not
be strictly positive anymore. This unfortunately implies
that we can not use Comparison Lemma to obtain a lower
bound. It is necessary to find a different approach for
systems with more than 2 electrons.
We only considered nonrelativistic quantum systems.
For very large atoms, it is undoubtedly necessary to use,
at least for the inner electrons, the corresponding rel-
ativistic equations to obtain the correct results. Our
method relies mainly on the IMS localization formula.
Thus using known results for pseudo-relativistic quantum
systems34, it should be possible to to adapt our method
to systems with pseudo-relativistic electrons.
Calculations suggest that similar results are valid
within Hartree-Fock and Density Functional Theory
(DFT). This is especially interesting due to the fact that
these theories are inherently nonlinear. This would rigor-
ously prove the asymptotic behavior predicted by various
DFT-methods35. Another open problem is the applica-
bility of our method for the case of interacting systems
of multiple atoms, i.e., molecules. The additional geom-
etry, due to the relative positions of the multiple atoms,
as well as a more complicated relation between energy
and electron distribution make this a hard to tackle but
also a very interesting problem.
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Lower bound estimate In order to prove our theorem in

















from below in a suitable fashion. For this purpose we
introduce the notion of inner and outer electrons as well
as an ordering for the electrons. For simplicity we con-
sider only the case where each electron can uniquely be
identified by its distance to the nucleus, i.e.
|x|1 < |x|2 < . . . < |x|N , ∀x ∈ R3N
where |x|k : R3N → R+0 give the k-th smallest value out
of the distances |xj | of the electrons.We introduce unique
coordinates x̃j such that for each fixed point x ∈ R3N we
have |x̃j | = |x|j . We call the set
{x̃k : k ∈ {1, . . . , N −K}}
the inner coordinates and the set
{x̃k : k ∈ {N −K + 1, . . . , N}}
the outer coordinates.
Moreover the potential corresponding to the M most in-
















We begin estimating the potential similar to the two elec-
tron case
A1 → |x|1 > δ|x|N :








Ac1 → |x|1 < δ|x|N :
























(1+δ)|x̃N | outside A1. Pro-
vided that N −K > 1 we split Ac1 as follows
A2 → |x|1 < δ|x|N and |x|2 > δ|x|N :








Ac2 → |x|2 < δ|x|N :














This process can be repeated for each inner coordinate,
i.e. N −K times. The last step yields
AN−K → |x|N−K−1 < δ|x|N and |x|N−K > δ|x|N :








AcN−K → |x|N−K < δ|x|N :














In the case that more than one electron leaves, i.e.
K > 1, we can repeat the above procedure for all the
remaining K − 1 outer electrons.
The final estimate in the two resulting regions can be
summarized as
A> := {x ∈ R3N : |x|N−K > δ|x|N−K+1} :









A< := {x ∈ R3N : |x|N−K < δ|x|N−K+1} :











Numerical examples: In the following we present ad-
ditional examples of the asymptotic behavior for one-
particle models. We consider again the operator describ-
ing a quantum particle in a potential well with a Coulomb
repulsion term everywhere outside that well
Hc = −∆− 1{|x|≤1}(|x|) + 1{1<|x|}(|x|)
c
|x| . (4)
However we do not decrease the depth of the well but
increase the repulsion term. Due to the increase of the
repulsive term outside the eigenfunctions become more
localized for cր Ccr where Ccr ≈ 3.11693 is the numeri-














Figure 4: Plot of the normalized ground state eigenfunction















Figure 5: Plot of the normalized ground state eigenfunction
for the model (5) for several values of c. It illustrates, that
as c approaches C̃cr the wavefunction delocalizes.
In order to emphasis that it is crucial to have a
long range repulsive term we now consider the following
Hamiltonian
H̃c = −∆− 1{|x|≤1}(|x|) + c1{1<|x|<2}(|x|) . (5)
The repulsive potential is present only in a finite re-
gion around the potential well. Note that the value
2 is artificial and has no particular importance. If we
start to increase the parameter c up to the critical value
C̃cr ≈ 2.7938776 we see that far away from the critical
value the increase of c leads to the localization of the
wavefunction even by a short range potential. However
for c ≥ 2.5 the wavefunction starts to spread further and
further and for c = 2.78 the fall-off of the function is
hardly visible, see Figure 5.
The presented plots highlight the physical intuition
that the wavefunction has to tunnel through the re-
pulsive barrier in order to leave the potential well and
delocalize. However the long range Coulomb repulsion
is too ’sticky’ for the wavefunction to delocalize even at
the critical value and hence we are able to prove fall-off
behavior at the ionization threshold.
Depiction of fall-off regions for Helium Atom In order
to give the reader a better understanding of the fall-off
behavior at the threshold and in particular to illustrate
the respective sizes of the different regions we plot the
ground state behavior for Helium in the case Z = Zc.
Figures 6 and 7 show that the exponential fall-off is
almost everywhere. Only in the case that one of the elec-
trons is close to the nucleus in comparison to the other
one we obtain subexponential fall-off. This is due to the
remaining long-range repulsion which acts as an effec-
tive barrier that prevents the system to break up. Fig-
ures 6 and 7 seem at the first glance similar. However the
asymptotic behavior is significantly different. Volume of
the amber cones grows as ∼ |x|3∞ for the case of Figure 6
and as ∼ |x|2.2∞ for the case of Figure 7.











Figure 6: Behavior of the ground state eigenfunction for
Helium atom at the critical coupling for
max{|x1|, |x2|} > 200 with the regions
{(|x1|, |x2|) : min{|x1|, |x2|} > 0.05max{|x1|, |x2|}} (blue),
{(|x1|, |x2|) : min{|x1|, |x2|} < 0.1max{|x1|, |x2|}} (amber).




















Figure 7: Behavior of the ground state eigenfunction for
Helium atom at the critical coupling for
max{|x1|, |x2|} > 200 with the regions
{(|x1|, |x2|) : min{|x1|, |x2|} > 0.5max{|x1|, |x2|}
0.6} (blue),
{(|x1|, |x2|) : min{|x1|, |x2|} < max{|x1|, |x2|}
0.6} (amber).
The embedded graph is the zoomed in rectangular sector
near the in |x1|-axis.
The difference is not so pronounced in the small region
depicted however re-plotting the same regions in logarith-
mic scale in Figures 8 and 9 we see the dramatic difference
for large values of |x|∞.
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Figure 8: Behavior of the ground state eigenfunction for
Helium atom at the critical coupling for
max{|x1|, |x2|} > 200 with the regions
{(|x1|, |x2|) : min{|x1|, |x2|} > 0.05max{|x1|, |x2|}}
(blue),
{(|x1|, |x2|) : min{|x1|, |x2|} < 0.1max{|x1|, |x2|}}
(amber).














Figure 9: Behavior of the ground state eigenfunction for
Helium atom at the critical coupling for
max{|x1|, |x2|} > 200 with the regions
{(|x1|, |x2|) : min{|x1|, |x2|} > 0.5max{|x1|, |x2|}
0.6}
(blue),
{(|x1|, |x2|) : min{|x1|, |x2|} < max{|x1|, |x2|}
0.6}
(amber).
